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Notation

Introduction to Two-way Tables

Consider
A random sample of n individuals/units from which two categorical

We shall consider the case of more than two categorical variables later.

variables are considered

Two categorical variables, Aand B, are cross-classified to form a two-

way contingency table, N.
Let variable A consist of I categories
Let variable B consist of | categories
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Quetelet’s Contingency Tables

Introduction to Two-way Tables

H ‘

One of the first serious categorical data analysts was

Lambert Adolphe Jacques Quetelet
(1796-1874)

His studies on social aspects in France
involved the construction of what we now
know to be the contingency table. His
analysis of these tables was, by current
standards, more than superficial, but he did
set up the ground word for data analysis that
Galton (who developed linear regression
analysis) and Pearson (who is a pioneer of
categorical data analysis) continued on with.

Their work lives on even today.

What follows is a Quetelet’s table, although
he did not refer to it as a contingency table.
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Quetelet’s Contingency Tables

Introduction to Two-way Tables

(=]l

Quetelet (1842, p. 6)

He not only speaks of the condition of man at the time, but he also
hints at the possibility of being able to model such behaviour.

Symmetric Association

* Francis Galton
* Karl Pearson
* Pearson’s Chi-squared Statistic

19/07/2022



Francis Galton’s “Fingerprints”

Introduction to Two-way Tables

Consider two categorical variables, A and B. The simplest quested of such

variables is whether they are associated with each other. In a very simple form,

we address the hypotheses

To help address these hypotheses, we “compare” the observed cell values with

Ho: A and B are NOT associated (independent)

H,: A and B are associated

the cell values that we would expect to get if the rows and columns are

independent.

For the (i, j)th cell, the expected cell frequency (if independence were observed)

IS

Expected (i, j)th count =

or more formally

Ny, n,;

(i’th row total) x (j’th column total)

Francis Galton’s “Fingerprints”

Introduction to Two-way Tables

H 68x61, 27x25, all divided by 105?”

In fact, Galton (1892, p. 174) was the first (known) to state
this result. Part of his work involved determining the
association of fingerprint characteristics of 105 fraternal (or
dizygotic) male twins. One male twin was “earmarked” as
twin A and his brother was twin B.

|
| B children.

| Arches . . .

Loops . - -

Whorls. . .

Arches.

A children.

Loops.

Whorls. |

Totals in A |
children |

68

Galton (1892, pp. 175 — 176) said

“The squares that run diagonally from the top at the left, to the bottom at the right,
contain the double events, and it is with these that we are now concerned. Are

Totals in
B children.

Francis Galton
(1822 - 1911)

nj,N,;

entries in those squares larger or not than the randoms . . . The values of 10x19, n
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Karl Pearson

Pearson’s chi-squared statistic

=]

Pearson considered a more general setting than what
Galton did and compared all observed cell frequencies
with their expected values (under independence) — not
just the diagonal elements.

Pearson’s approach was to consider looking at the
difference between the two:

n“ _ n]. .]
1) n
or, equivalently, Karl Pearson
pij — pi.p.j (1857 — 1936)

Pearson referred to these differences as the cell’s contingency.

If all of the contingency’s are zero then there is complete independence
between the two categorical variables.

Note: Pearson used the word compartment while we now use the word cell

The Statistic }

Pearson’s chi-squared statistic

Suppose we consider the Galton expectations and tie this in with Pearson’s
idea of a contingency. The hypothesis

Ho: A and B are NOT associated (independent)
H;: A and B are associated

can be more formally expressed by

n;,n,;

HOZ ni]- =
Ny, n,;

H1: ni]- *

Quantitatively, Pearson proposed the following statistic as a single measure of
the strength of the association between the rows and columns of the table

] (nu L) Here X2 is a chi-squared random

I
ZZ o variable with (I = 1)(J— 1)

& degrees of freedom.



The Statistic

Pearson’s chi-squared statistic

11

Several more succinct expressions of this statistic can be derived.
For example . ..

Suppose we express the above null and alternative hypothesis as

Ho: pijj = pi.p,j
Hy: pj # pi.p.j

Then an equivalent expression for Pearson’s chi-squared statistic is
I ]
2 _ nz Z (plj Pi.P -])
i=1j=1 pl.p.]

Here X? is also a chi-squared random variable with (I — 1)(J — 1) degrees of
freedom.

Some Properties

Pearson’s chi-squared statistic

12

» It may seem surprising at first that, in its day, while the classic variance
and least squares was known, why didn’t Pearson simply consider the sum-
of-squares of the contingency’s:

I
‘ Hi.n.jz
2.2 ()

To answer this question, suppose we consider n;; to be a Poisson random
variable so that

Nj.0,; If there are issues
concerning the
stability of the
Then normalising the cells leads to, asymptotically, expectation/variance
equality there are ways
n;; — il in which we can deal

Zij - n ~N(0, 1) with this.
’Hi.n.j
n

of which the sum-of-squares is his chi-squared statistic (we’ll return back to this later).

E(nu) Var(nll) =

19/07/2022



Some Properties

Pearson’s chi-squared statistic

13

» The chi-squared statistic remains unchanged even if the rows and/or
columns are interchanged, or swapped (Pearson was aware of this)

* The magnitude of the chi-squared statistic is dependent on the sample size,
n, selected. Therefore, for a large enough sample size, it is possible to
ALWAYS conclude that there exists a statistically significant association
between the rows and columns, even if the association is very weak.

* In fact
0 < X? < n[min(1,]) — 1]
+ So
o doubling the sample size doubles X?

o Increasing the sample size means there will ALWAYS be an n that leads
to a statistically significant association

On Dealing with the Sample Size

Pearson’s chi-squared statistic

14

Pearson's phi-squared statistic

One obvious way of dealing with the impact of the sample size on Pearson’s
chi-squared statistic is to simply divide it by n:

iz’:(pl, Pib.;)
i=1j=1 pl'p.]

Pearson (1904, p. 6) referred to this as the mean-squared contingency. These
days its also called Pearson s phi-squared statistic and

+ ¢? ranges from O (complete independence) to min(l,]) — 1(complete
dependence)

* its magnitude is independent of the sample size
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Other Contingency Based Measures }

Pearson’s chi-squared statistic

One may derive a number of other measures of association based on Pearson’s

contingency pj; — pi.p.j-

Marcotorchino (1984) discussed a host of less well known measures for an

[ x ] contingency table, including :

_ 2 2
Belson's statistic B=n Z Z(pii = PisPsj)

—

i=1j=1
J 2
Jordan s statistic ]= nz pij (pij — Pi.P.})
i=1j=1
1]
Variation of Squares V =n? Z (pij = Piep+j) (P3j + PieDsj)
i=1j=1

» They are all zero when the categorical variables are independent
» BandJare at least zero. V can be negative.
» There is no known distributional property of these measures

Value MC.P-value

) N .
Example 2: Galton’s Fingerprint Data ]
A children. ‘
B children. 1= m—
Arches, ‘ Loop Wil |
I T |
Arches . . . 5 12 s |19
9
B
2 Loops . . . 4 42 15 61
5 ! w
% | ‘
o Whorls. . ‘ 1| 10 25 |
o \
5 \
< T
& Totals in A | . e | s 105 ‘
£ children | LA L [
49
o
\U)
=1
o}
2]
-
(o]
(<]
(a W)

Chi-sg 11.1699 0.031 |

A.Chi- T5.5401 0,000 .

Beisénsq 48.0305 0.195 There might indeed be a reason
Jordan 0.0496 0.275 \é\ghn);i;heesétudy of these has not
Var.sq 146.9029 0.113 u

[Pniz 0.1064 0.031 |

®
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Asymmetric Association

e Goodman-Kruskal lambda Index

e Goodman-Kruskal tau Index

Asymmetric Association

A Definition }
4 Treat the categorical variables as being asymmetrically associated..... )
For example,

“How does the number of years of occupational
exposure to asbestos impact upon the workers
diagnosed level of asbestosis?”

\ J

Occupational Asbestos grade  Diagnosed

Exposure (yrs)  None Grade | Grade?  Grade 3  Tolal
0-9 110 6 0 0 346 Occupational Asbestosis
10-19 212 158 9 0 379 Exposure Grade
20-29 21 35 17 4 7
30-39 25 \(1_2 49 _]‘H I*;'-l
;:m 535 3}(?(. |Szln % Jllill'i predictor response

variable variable

We now explore two indices that can be used to quantify the asymmetric association
between two categorical variables



A Definition

So A/B B B cee B ce B  Total

Aq n11 Nz e Mgy e NI Nie
We can’t (shouldn’t) use the Az ma mz e oMy e M2y Mo
Pearson chi-squared statistic

Ay il T2 Nij i Tie
(although in many practical and : :
theoretical studies of contingency Aronp ompz e may e wng N
tables researchers do) Total 7241  Te2 - Nej o Tled n

» Consider two independent events Aand B. Then

P(AIB) = P(A) — P(A|B) — P(A) = 0

Asymmetric Association

For a contingency table, given the columns, how do the rows compare?

Ty = LU Pi. If ;; = 0 the j’th column is not a good
P.j predictor of the i’th row category

! ‘

f

Goodman-Kruskal lambda Index

So A/B B Ba cee B, ce By Total

Ay niy iz cee My cee M Nie
We can’t (shouldn’t) use the Az nai mez ceo ma; - N2y noe
Pearson chi-squared statistic

Aj; ni1 Nig e My s Ml Tie
(although in many practical and : :
theoretical studies of contingency Ar o oniz e gy e ng Ny
tables researchers do) Total 711 Te2  ccr Nej  ccc TleJ n

» There are various measures of asymmetric association discussed by Goodman
& Kruskal (1954). For A|B (predicting the rows given the columns)

Asymmetric Association

— Goodman-Kruskal lambda index

where Pmj = max{pmj} (largest proportion in the observed level j) and p,,. = max{p;.}
0

19/07/2022
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Goodman-Kruskal tau Index

Asymmetric Association

A/B B B cee B ce B  Total
So ’

Aq n11 Nz e Mgy e NI Nie
We can’t (shouldn’t) use the Az ma mz e oMy e M2y Mo
Pearson chi-squared statistic

Ay Tl o Nij Tig Tlie
(although in many practical and : :
theoretical studies of contingency Aronp ompz e may e wng N
tables researchers do) Total 711 Te2  ccr Nej  ccc TleJ n

» There are various measures of asymmetric association discussed by
Goodman & Kruskal (1954). For A|B (predicting the rows given the columns)

— Goodman-Kruskal tau index

p2
lez}zlp—j ~ Yi=1 Pl
L A= 1 -3,
[ ]
The Index

Goodman-Kruskal tau Index

» Goodman-Kruskal tau index
o asaweighted sum of squares of the centred conditional proportions

I ] 2
oS ()
AP - %:1 pf. &4 K Psj :

* PROPERTIES
o 0< TAIB <1
o Light & Margolin (1971) showed that
C= (n — 1)(1 — 1)TA|B~X(2]_1)(]_1)

o Agresti (1990, p.25) notes that low values of tau do not necessarily mean “low”
levels of association, since tau tends to take smaller values as the number of
categories increase.

11
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Simple (Symmetrical)
Correspondence Analysis

* Benzécri, Greenacre

* Profiles Reciprocal Averaging and the Triplet
e Singular Value Decomposition

* Correspondence Plot and the Biplot

Origins: Jean-Paul Benzécri }

The 1960’s saw the advances in categorical data
analysis take on a geometric form with the
development of correspondence analysis.

The “father” of modern day correspondence
analysis is French linguist Jean-Paul Benzecri, and
with his team of researchers, developed its
foundations at the Mathematical Statistics
Laboratory, Faculty of Science in Paris, France.

Jean-Paul Benzécri
Paris, 2011

Simple Correspondence Analysis

I As 2 result the method of /’analyse des correspondances, as coined
LU by Benzécri, is very popular in France. The popularity of
correspondence analysis in France resulted in a journal dedicated to
the development and application of the technique as well as methods
of classification, Cahiers de I’Analyse des Données, founded by
Benzecri (1976 — 1997) . . . http//www.numdam.org/journals/CAD/

24

12
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Origins: Michael J. Greenacre

* Michael Greenacre
Universitat Pompeu Fabra, Barcelona, Spain
» Former student of Benzécri
o Greenacre, M. J. (1978), Quelques methodes objectives de representation graphique d'un tableau de

donnes, Unpublished PhD thesis, Universite Pierre et Marie Curie, Paris
»  Translation: Some objective methods of graphical display of a data matrix

L
PR =
f Alubesz—
QUELOUES METHODES OBJECTIVES
DE REPRESENTATION GRAPHIQUE
D'UN TABLEAU DE DONNEES AFRCUL Reroe)
SOME OBJECTIVE METHODS

OF GRAPHICAL DISPLAY
OF A DATA MATRIX

Simple Correspondence Analysis

by
MICHAEL ). GREENACRE.
ar

MICHAFL JOHN GREENACRE.

5

Origins: Michael J. Greenacre

* Michael Greenacre
Universitat Pompeu Fabra, Barcelona, Spain
» Former student of Benzécri

o  Greenacre, M.J. (1978), Quelques methodes objectives de representation graphique d'un tableau de
donnes, Unpublished PhD thesis, Universite Pierre et Marie Curie, Paris
»  Translation: Some objective methods of graphical display of a data matrix

Correspondence
Analysis in Practice
ion

Visualization

VISUALIZATION
AND:
VERBALIZATION
OF/DATA

of
Categorical Data Thied Ed
ey
{er i

Simple Correspondence Analysis

Michoel Greenacre

(1984) (1994) (1998) | (2006) (2014) (2017)

You are also invited to consider Beh and Lombardo (2012, 2019) who provide an extensive
29 bibliography on the history and development of correspondence analysis.

19/07/2022
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Dimension Reduction

Simple Correspondence Analysis

27

Jo

/

I-row points represented as points
in J-dimensional space

in [-dimensional space

(:olumn points represented as poinj

=9

Jointly representing all row and column
points in a low-dimensional space

Profiles

Simple Correspondence Analysis

28

Suppose we have following two row categories with five entries each (so

there are five categories)

|| Coll | Col2 | Col3 | Col4 | Col5 | Total |
4 6 8 10 30

Row 1 2
Row 2 20 40

For the first row — “Row 1” — it has a total of 30 classifications, while for the

60

80

100

300

second its 300. While the totals of each row are different, their relative

proportions are identical:

1 2
15, 15, 15, 15, 15,

)

This array of relative cell frequencies is referred to as a profile.

19/07/2022
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30

-
Profiles
N
In the more general case, for the i’th row profile is
nj; Ny Njj Ny)  (Pir Piz DPjj Py
— = e — )=, 2 = =
9 nj, nj, nj, nj, Pi.  DPie Pi. Pi.
i
& AB By B B, By Total
<
o A niy N2 nr; nry Nie
E As nzi na2a na; naJy N2e
[}
= : : : :
5] A ) i ; i
% i [ i1 n; ij niJ n ]
[ N . N
8 Ay ny nya or nyy Ne
9 Total 7141 Tie2 Nej e n
= ;
£
19
-
Profiles
N
In the more general case, for the i’th row profile is
Nj; Ny Njj N\ (Pi1 Pi2 Dbjj Pij
—_ =, e = e — ] ==, =, =, —
2 nj. N, n;, n;. Pi. Di. bi. Pbi.
=N
g A/B B Bs B By Total
<
o A niy N2 nr; nry Nie
E As nzi naz2 na; naJ N2e
(%)
g .
& A; ni1 T2 ni; niJ Tie
)
o .
8 A nry N nrj nry Nre
9 Total  7e1  Te2 Tiaj NeJ n
o, ;
£
)
Similarly, the j’th column profile is
Ny Ny nj; ny; P1j DPzj Pij Pij
— = e = e ===, =, =, =
n, n,; n,; n,; Pej Py P.j P.j

19/07/2022
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Profiles

Simple Correspondence Analysis

31

If there is no association (independence) between the row and column
variables then these profiles simplify to

n.l 1’1,2 n.j n-]) _
( n ] n )y ] n ] ] n - (pol; p-z; ’p-]’ ;p.])
and
n;. ny, n;, nI.) B
( n ) n ) ) n ) ) n - (plﬂ P2e » Pies 'ph)

respectively.

This suggests we may alternatively consider the centred row and centred
column profiles as a means of detecting any departures from independence.

Centred Row Profiles

Simple Correspondence Analysis

32

The i’th centred row profile element is

(pu_p &—p pi]_p)
pi. o1 pi. 2 vy pi. o]

Note these centred row profiles are centred around zero so that:

=1 j=1 j=1
! 1
_ Di.
Die
=0

19/07/2022
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Centred Column Profiles

Simple Correspondence Analysis

33

The j’th centred column profile element is

Note these centred column profiles are centred around zero so that:

P1j
— — P1.

D.j

P2

j

P.j

Py_ Py
A 2e ""p.j Ie

Example: Sekiloff’s Asbestos Data

Simple Correspondence Analysis

Centred Row & Column Profile Matrices occupaion [

S
Asbestos

grade  Diagnosed

Exposure (yrs) | None Grade | Grade 2 Grade 3 Total
09 310 36 0 0 346 ]
TO=T9 212 [ISL1 e 1) 37T
20-29 21 35 17 4 77
30-39 25 102 49 18 194
40+ 7 35 51 28 121
Total 575 366 126 50 1117
> solve (dI)%*%P - rep(l, times= 5)%*%t (apply(P, 2, sum))
None Grade 1 Grade 2 Grade 3
[fz,7 0.38118205 -0.22361714 -0.11280215 -0.044762757 |
12,1 0.04459504 0.08922316 -0.08905545 ~0.044762757 Centred Row
[3,] -0.24204444 0.12688207 0.10797707 0.007185295 Profiles
[4,] -0.38590573 0.19810981 0.13977517 0.048020748
[5,] -0.45692047 -0.03840719 0.30868545 0.186642201
>
> solve (dJ) $*$t (P) - rep(l, times= 4)%*%t(apply(P, 1, sum))
0-9 10-19 20-29 30-39 40+
(1,7 0.2293722 0.02939395 -0.03241291 -0.1302012 -0.09615196 )
[2,] -0.2113976 0.09239229 0.02669377 0.1050090 -0.01269746
[3,] -0.3097583 -0.26787313 0.06598599 0.2152094 0.29643603  Centred Column
[4,] -0.3097583 -0.33930170 0.01106535 0.1863205 0.45167413

>

Profiles

®

19/07/2022
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Scoring the Categories

The key objective is to find the set of row scores
a=(agay,...,a;..,a)7T
and the set of column scores

T
b = (by, by, ..., bj, ..., by)
so that the correlation between a and b is maximised.

related to canonical correlation analysis.

Simple Correspondence Analysis

al<az<"'<al

35

These scores can be found using a technique called reciprocal averaging (also
dual scaling, optimal scaling, homogeneity analysis and other terms) and is

We won’t go into any great detail.

We could treat ordinal categorical variables by imposing a constraint that

(for increasing row categories, say) but we won’t do that here.

The Triplet

But we do impose the property that

1 I )
Z pi.a;j=0 zpi-aiz =1
\i=1 i=1 Y,

()
Zp.jb]- ~0 Zp.]b2 -1
=1

J

The correlation between aand b is

I ]
A= Z Z pijaib;

i=1j=1

Simple Correspondence Analysis

column scores. Soon we will turn our attention to a multi-dimensional solution.

To ensure we get a solution (which we will always do).

Note: we are only talking about a one-dimensional solution for the row and

19/07/2022
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Example: Selikoff’s Asbestos Data }

Centred Row Profiles Years of exposu re:

S
- 20297 and 30397 >, AN Larly
distributed quiﬂ\

e “0-97is dist” ’&eilerently to “40+”

Q
n « “10-17 «8®", vary much when
ce” ‘oe «n independence

'\@\\Q.e grades of ashestosis severity
o
)
N i severi
0& Asbestosis severity levels

0% * “Grade2” and “Grade 3” appear
q O similarly distributed

Simple Correspondence Analysis

e * “None” is distributed differently to
(‘X\@c" _ “Grade 2” and “Grade 3”

across the different years of exposure

37

Example: Selikoff’s Asbestos Data }

Cobweb Diagram

Exposure
202 By using standardised residuals
» Black line indicates positive
association
A0 o » Grey line indicates a negative
” association.

» Thick lines indicate a strong

association*.

None Grade 3

¢ Thin lines weak association™.

Simple Correspondence Analysis

Grade | Grade 2 *Positive and negative association

Grade

Using the R function cobweb () that appears in the Appendix of Upton (2017)

19
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Generalised Singular Value Decomposition }

Simple Correspondence Analysis

Correspondence analysis may be performed using the generalised singular
value decomposition (GSVD) of the matrix of Pearson residuals
For rectangular matrix of Pearson residuals, Z,
Z=D;i'(P-rc")D;?
the GSVD of Z is
Z = AD, BT
where

ATDIA = IM BTD]B = IM
and

r= (plu p2u-"iplo)T
T
C= (p.l:p.z;---;po])

Note that the (i, j)th element of Zis ~ Z; = Pij — PiePj
— PieP.j
£l
Generalised Singular Value Decomposition }

Simple Correspondence Analysis

Correspondence analysis may be performed using the generalised singular
value decomposition (GSVD) of the matrix of Pearson residuals
For rectangular matrix of Pearson residuals, Z,

Z=D;'(P—rc")D;?

the GSVD of Z is
Z = AD, BT
where
A'DA=1y BTDB=Iy
while
D, = diag(A, Ay, ..., App)

contains elements that are the singular values of Z so that

M
Z_XZ_ZAZ
¢’="—= > A

m=1

20
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Standard Coordinates }

Simple Correspondence Analysis

Suppose we consider the left singular vectors which are the scores for the row
categories

a11 A1 Adim M

dz1 Az Aom azm
A= )

aj1 ajp Ajm ajm

i 3zt Am Ut amMm

The i’th row of A can be used as the coordinate of the i’th row category in an
M = min(L,]J) — 1 dimensional space

These are referred to as row standard coordinates

F=A = fim = dijm

Standard Coordinates }

Simple Correspondence Analysis

Suppose we consider the right singular vectors which are the scores for the
column categories

)
by bz | bim| - bim
b?1 b?2 b2'm b%M
B = by bz | bim | - bim
by by | bm | bm

The j’th column of B can be used as the coordinate of the j’th column category
inan M = min(l,]) — 1 dimensional space.

These are referred to as column standard coordinates

42
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Principal Coordinates

Simple Correspondence Analysis

43

We can graphically depict the association between the row and column
categories by considering the following columns of the following matrices of

coordinates

These are referred to as principal coordinates.

Note that

« FisanIx M column matrix = f;,, = ajmAy is the (i, m)’th value
— isthe principal coordinate of the i’th row along the m’th dimension of the plot
» Gisa]Jx M column matrix = g, = bjmAy, is the (j, m)’th value

— isthe principal coordinate of the j’th column along the m’th dimension of the plot

G = BD,

(Row Principal Coordinates)

(Column Principal Coordinates)

Example: Selikoff’s Asbestos Data

Simple Correspondence Analysis

44

Centred Column Profiles

Dimension 2 (15.4%)

0.0 05
Dimension 1 (84.2%)

The technique used to obtain this graphical
summary of the association between the categorical
variables is called correspondence analysis.

This plot is commonly referred to as a
correspondence plot.

An M-dimensional plot is commonly
called an optimal correspondence plot

19/07/2022
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Example: Selikoff’s Asbestos Data

Simple Correspondence Analysis

45

> ca.out <- CAvariants (asbestos)
> plot(ca.out, plottype = "classic")

RESULTS for CA Correspondence Analysis:

Grade 3+
40+ +

0-9+ Grade 2+

None

20-29+
10-19+ 30-39 +

Grade 1 «

Inertias, percent inertias and cumulative percent

inertias of the row space

inertia }nertiapc ¢uminertiapc
1 0.489 84.22 84.22
2 0.089 15.35 99.57
3 0.003 0.43 100.00
4 0.000, 0.00, 100.00

‘| X2/n=0.581

Inertia values = Eigenvalues

\ J

4 )

Explained inertia of each axis =>
contribution of each axis to chi-squared

First axis: 84.2%,
Second axis: 15.4%

.

(Cumulative contribution of each axs
to chi-squared

One-dimension : 84.22%,
Two-dimensions: 99.57%

Three-dimensions: 100.00%

k (optimal correspondence plty

®

p
Example: Selikoff’s Asbestos Data
N
Grade 3 *
40+ +
-8 0-9+ Grade 2 *
=
S None =
<
3]
<)
g 20-29+
=] - +
g 10-19 + 30-39
72}
& Grade 1 «
o}
]
2
% *  Less than 10 years of occupational exposure and no ashestosis are assori=*~-" 1
&

: ere
associatiol her®

*  Mild asbestosis is assnri~*- *

T iplying ¢

_.wupational exposure to asbestos

e NO

—

| cxposure to asbestos

ar
ofe that we..u giades of asbestosis are associated with at least 40 years of occupational

19/07/2022
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Distance between two row points when in principal coordinates

Example: Selikoff’s Asbestos Data }
Grade 3 *
40+ -
é 0-9+ Grade 2«
E None *
<
5
é 10-19 + 30-39~
£ Grade 1 «
o
O
1‘)
£
3

M

) 1 (p p 2 J 1 p p 2
. . , . - 5 2
d2 (l, 1,) - ( X B ”]> - [( . B ..) B ( . B .):| - f B f
1 Z Pej \Pis  Dire Zj=1 P+j | \Pie Pej Pire P.j § ( im um)

j=1 m=1

Cannot measure the distance between a row point and a column point

Biplot Coordinates }

Simple Correspondence Analysis

We can graphically depict the association between the row and column
categories by considering the following matrices of coordinate

=AD;, = fin = ajmAm  (Row Principal Coordinates)

a

=B = 8im = bjm (Column Standard Coordinates)

These are referred to as row (isometric) biplot coordinates.

Similarly, for the column (isometric) biplot coordinates:
s F=A = f, =aj, (Row Standard Coordinates)

- G= BD) = §jm =Dbjm Ay (Column Principal Coordinates)
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Example: Selikoff’s Asbestos Data

Simple Correspondence Analysis

49

> ris <- CAvariants (asbestos, catype = "CA")
> plot(ris, plottype = "biplot", biptype = "row", scaleplot = 2)

Dimension 2 (15.4%)

L

ra

» 0 —9yrs of exposure strongly
Row isometric associated with no asbestosis
biplot

10-19yrs of exposure equally
likely to be associated with no
or lowest grade ashestosis

» 20 — 39 years of exposure
associated with Grade 1
asbestosis

Most severe grade of
asbestosis strongly linked to
40+yrs of exposure

« Strong Association between
Grade 3 and 40+yrs exposure

[

r 0 1 2
Dimension 1 (84.2%) @

Example: Selikoff’s Asbestos Data

Simple Correspondence Analysis

50

> ris <- CAvariants (asbestos, catype = "CA")
> plot(ris, plottype = "biplot", biptype = "column", scaleplot = 2)
» 0 —9yrs of exposure strongly
Column isometric associated with no asbestosis
biplot

Dimension 2 (15.4%)

» Grade 1 asbestosis equally
linked to 10 — 39 years of
exposure to asbestos fibres

gradel * 20 —29yrs and 30-39 yrs of
%- exposure contributes equally
to the association

= graced » 40+yrs of exposure to
e S : asbestos fibres strongly
S linked to Grade 2 ashestosis
"r g‘acel 5

 Strong Association between
Grade 2 and 40+yrs exposure

(@

Dlr;nensmn 1(84.2%) i @
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Non-symmetrical
Correspondence Analysis

Singular Value Decomposition
and the

Quantification of the Variables

Origins: D’ Ambra & Lauro

Non-Symmetrical Correspondence Analysis

a1
N

Developed by Lauro & D’Ambra (1984) and D’ Ambra & Lauro (1989). Discussed in
detail by Kroonenberg & Lombardo (1999), Lombardo, Beh & D’ Ambra (2007), Beh
& Lombardo (2014, Chp 5; 2021, Chp 3), Lombardo, Kroonenberg & Beh (2016) and
Lombardo, Beh & Kroonenberg (2021) Prof Carlo Lauro

Not only we can quantify the asymmetric association between
two categorical variables, but we can also visualise it.

For two symmetrically associated variables, we discussed
(simple) correspondence analysis

For two asymmetrically associated variables, we now discuss
non-symmetrical correspondence analysis (NSCA)

. . . . Prof Luigi D’ Ambra
For NSCA, the total inertia of a contingency table isn’t Uni of Naples

measured in terms of X2. Instead we consider either
o Goodman-Kruskal T index, or }
o The C - statistic

Uni of Naples
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A Recap

Non-Symmetrical Correspondence Analysis

3}
@

Suppose we use the Goodman-Kruskal index, tag, (“rows given columns”) as our

measure of association. Recall that this implies that we are treating the column
variable and row variable as our predictor and response variable, respectively.

The Goodman — Kruskal tau index is of the form

I ] 2
SR I ey

i=1j=1

Goodman & Krusal (1954)

Since the term out front does not reflect the association captured (via the cell

proportions) we can ignore it. Doing so, we have the statistic

]
. _ Z Z P. <pij
num . oj p-j

I
i=1j=1

i=1j=1
where Ty, is the numerator of 4, and

Pij

Ty = \/p_'<p_] - pi-) = T[ij\/p_-j

DM B

Generalised Singular Value Decomposition

Non-Symmetrical Correspondence Analysis

a
»

In matrix, notation, m; is the (i, j)’th element of the matrix
n=p;'PT—1;r"
Then NSCA can be performed by applying a GSVD to II such that
D/ 'PT - 1;r" = AD,B”
where
ATA = Iy BTD;B =1y

and 1; is a vector of 1’s of length ] so that

. ( predictor

M Occupational exposure (years)
Asbestos grade
T — )\2 o Diagnosed -9 10-19 20-29 30-39 Total
num m 2

o None 310 212 21 25 7 575

m=1 S Grade 1 36 158 35 102 s 366

L Grade 2 0 9 17 49 51 126

Grade 3 0 0 4 18 8 50
Total 36 39 T7 194 121 s

19/07/2022
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Principal & Biplot Coordinates

Non-Symmetrical Correspondence Analysis

o
a

Principal Coordinates

G = BD,

Column Biplot Coordinates

(Row Coordinates)

(Column Coordinates)

(Correct way to portray the asymmetric association of rows given columns)

F=A = fin, =aj,

(Row Standard Coordinates)

G=BD, > gjm = bjm Ay (Column Principal Coordinates)

Example: Selikoff’s Asbestos Data

Non-Symmetrical Correspondence Analysis

o
=)

> ris <- CAvariants (asbestos, catype = "NSCA")
> plot(ris, plottype = "classic")
Classic plot
a
=
3
= grade2 a
- .
; grade3 ;cre
P a
S ‘ 29
w -
S gradet .
E
[a]

_Dumensmn'ﬂ (88.7%)

Given that a worker is exposed to
asbestos fibres for

* Less than 10yrs they are unlikely
to be diagnosed with asbestosis

10 — 19 yrs, they are likely to be
diagnosed with no, or Grade 1
asbestosis

20 — 29yrs, they are likely to be
diagnosed with any Grade of
asbestosis

40+ yrs, they are likely to be
diagnosed with the two most
severe grades of asbestosis

Predictor = Grade (columns) -
Response = Years (rows) (‘F‘)—?

19/07/2022
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Example: Selikoff’s Asbestos Data

Non-Symmetrical Correspondence Analysis

o
N

> ris <- CAvariants (asbestos, catype = "NSCA")
> plot(ris, plottype = "biplot",

Dimension 2 (11.1%)

04

Column isometric
biplot

.
grade2

.
.. grade3

radel
9.

04 0.0 0.4

Dimension 1 (88.7%)

biptype = "column", scaleplot = 1.5)

Given that a worker is exposed to
ashestos fibres for

Less than 10yrs they are unlikely
to be diagnosed with asbestosis

10 — 19 yrs, they are likely to be
diagnosed with no, or Grade 1
asbestosis

20 — 29yrs, they are likely to be
diagnosed with any Grade of
asbestosis

40+ yrs, they are likely to be
diagnosed with the two most
severe grades of asbestosis

Predictor = Grade (columns)
Response = Years (rows)

Ordinal Correspondence analysis

Bivariate Moment Decomposition

and the

Quantification of the Variables

19/07/2022
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Some Approaches

Ordinal Correspondence Analysis

59

When it comes to ordinal categorical variables many approaches force the
scores to be ordered.

» Forexample, for increasingly ordered row categories, the elements of
a=(aj,ay,..,a5..,a)"

are arranged so that they increase: a; < a,, < - < a; < - < a;

» Schriever (1983), Ritov & Gilula (1993), Parsa & Smith (1993), Yang & Huh (1999)
Two problems:

* Foran M-dimensional solution, which set of scores are re-arranged.
Typically, the scores along the first dimension, but why not scores along
other dimensions?

* Forcing the scores to be ordered forces the “correspondences” to behave in
a certain way (a, will ALWAYS be associated with b,)

Some Approaches

Ordinal Correspondence Analysis

When it comes to ordinal categorical variables many approaches force the
scores to be ordered.

» Forexample, for increasingly ordered row categories, the elements of
a= (al,az, ey ai, vy aI)T
are arranged so that they increase: a; < a,, < - < a; < - < a;
» Schriever (1983), Ritov & Gilula (1993), Parsa & Smith (1993), Yang & Huh (1999)
Instead of doing this . . .
* Don’t perform a SVD on the matrix of Pearson residuals and force the
scores to be arranged in a particular way, instead . . .
» Perform a bivariate moment decomposition on the matrix. Consists of

o Orthogonal polynomials instead of singular vectors
o Generalised correlations instead of singular values

19/07/2022
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Bivariate Moment Decomposition

Ordinal Correspondence Analysis

61

We have a doubly ordered contingency table; ordinal row & column variable.

Rather than applying an SVD to Pearson s residuals

apply a BMD so that

where A™D;A = I; and BTD;B = ;. (More details: Beh 1997, Beh & Lombardo 2014).

Here,
A isthe I x (I — 1) matrix of row orthogonal polynomials

Bisthe ] x (J — 1) matrix of column orthogonal polynomials

Gisa (I—1) x (J— 1) rectangular matrix of generalised correlations with
(u,v)’thelement G;u=1,2,..,1-1landv=1,2,..,] -1

Z = AGBT

I-1]-1

Z=D'(P-rch)Dj"

The chi-squared statisticis X2 = nz Z GZ,

i=1j=1

(Lancaster, 1953)

Example: Selikoff’s Asbestos Data

Ordinal Correspondence Analysis

62

Occupational

Asbestos grade

Diagnosed

Exposure (yrs)  None Grade | Grade 2 Grade 3 Total
0-9 310 36 0 0 346
10-19 212 158 9 0 379
20-29 21 35 17 4 77
30-39 25 102 49 18 194
40+ 7 35 51 28 121
Total 575 366 126 50 1117
Features

» The row categories are increasing in order
» The column categories are increasing in order
» We shall use natural scores to reflect the order of both variables

* So that Pearson’s product moment correlation, and it’s non-linear variants, are

used to assess the structure of the association

19/07/2022
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Generalised Correlations }

Ordinal Correspondence Analysis

63

The matrix G is NOT diagonal. It contains generalised correlations with

(u, v)’th element
]

Gyy = Z Z pijau(Dby(j)

I
i=1j=1

* Gy, isthe linear-by-quadratic correlation: association between row
location differences and column dispersion differences
* Gy, isthe quadratic-by-linear correlation: association between row

dispersion differences and column location differences

* G, isthe quadratic-by-quadratic correlation: association between row
and column dispersion differences

 Higher order correlations tend to be small, harder to interpret

Note: G,,v/n is asymptotically standard normally distributed
More info: Rayner & Best (1996), Best & Rayner (1996), Rayner & Beh (2009)

~
Example: Selikoff’s Asbestos Data }

G
[ > ris = CAvariants (asbestos, catype = "DOCA")

> plot(ris, plottype = "biplot", biptype = "row", scaleplot = 1.5, invproj = F)

Row Isometric Biplot
(Ordered Rows and Columns)

Interpretation ; ol

 Similar to nominal analysis but

» ... generalised correlations:

(@] G11 =0.689

Ordinal Correspondence Analysis

(Pearson’s product moment correlation)

o Gy, = —0.085

(linear-by-quadratic)

o Gy = 0.024 e

Dimension 2 (13.6%)

Dimension 1 (82 4%)
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Example: Selikoff’s Asbestos Data

Ordinal Correspondence Analysis

See Lombardo, Beh and Kroonenberg (2016) for more on biplots for doubly and singly ordered analysis

Dimension 2 (15.4%)

> ris = CAvariants (asbestos, catype = "DOCA")

> plot(ris, plottype = "biplot",

-1

Row Isometric Biplot
(Nominal Rows and Columns)

biptype = "row",

scaleplot = 1.5)

Row Isometric Biplot
(Ordered Rows and Columns)

0-9 /
“nage — /ﬁé
“-1.‘/
h
N
w3
\
. \ *3039
1019 grade1

Dimension 2 (13.6%)

.
0-8

»
grade3

40+
.

nnnnnnn

A

0 1
Dimension 1 (84 2%)

-1

0 1
Dimension 1 (82 4%)

Overdispersion and
Correspondence Analysis Strategies

Adjusted standardised residuals,
generalised standardised residuals

and the

Cressie-Read family of Divergence Statistics

19/07/2022
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Standardised Residual }
&
Correspondence analysis may alternatively, and equivalently, be performed by
applying a SVD to the matrix of standardised residuals
7= Dl_l/z(P -r cT)D]_l/2
< | sothat
2
g Z = AD,B”
E where ATA = I; and BTB = I,.
The (i,j) ’th element of Z is the standardised residual
Z; = Pij = Pi«Psj
+/ PiePsj
P
Standardised Residual }
&
5
% The standardised residuals is based on the assumption that
5
nj; ~ Poisson(npi.p.j)
so that
n;,n,;
E(ni]‘) = Var(ni]-) = _n
=>E(WnZ;) =0 Var(vnz;) =1

.but. ..
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Adjusted Standardised Residual

Overdispersion

Haberman (1973) points out that, under independence
Var(y/n Zij) =(1-p(1- p-j) <1

Agresti (2002, p. 81) comments that, for v/n Zjj,

“their asymptotic variances are less than 1.0, averaging
[(I — 1)([J — 1)]/(number of cells) .

Agresti (2002, pp. 588 — 589) provides a proof of this result.

Therefore, the standardised residual may be amended to yield

zi. _ Pij — Pi.P.j

)
\/pi.p.j(l —pi)(1-p.)

and is the adjusted standardised residual and are asymptotically standard
normally distributed; see Beh (2012) for details on CA using Zi]-.

-
Example }
-
[ ] For our contingency table . .. For the generalised Poisson distribution, and a given 6, the
expected value and variance of pj;, by
=Pi-P-j _ Pi«P.j
\ \ E(pl]) > Var(pij) E(p‘l’ 9) 1-0 Var(p”, 9) (1-0)3

=

.2

2]

8| g

o 2

.2 |

=

)

>

O

over — dispersion
. . E(p;j) < Var(pj
under — dispersion (pi) (py)

70
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Power Transformations of Profiles

1

CR Family of Divergence Statistics

71

* Recall . . . at the core of CA lies, in part, analysing those rows (and
columns) that are similar, or different. Done by comparing their profiles.
» The centred profile of the ith row category, say, is

<&_p P _ ﬂ_p>
pi.  Vp. X pu

» But what happens if we consider a power transformation of the profiles:

. S b 8 P S
Pin) _ s (Hiz) _ s Lt I
<pi.> p.p(pi') Pe2, '<pi.> Pe

» Greenacre (2009) proposed log-ratio analysis (LRA) — “power family 2”

o He confined & € [0, 1]
o No link to any interpretable total inertia or distance measures were given

Cressie-Read Family of Divergence Statistics

CR Family of Divergence Statistics

72

For some 8, a family of chi-squared statistics with (I — 1)(J — 1) degrees of

freedom:
1] 8
2n Pij
e - s> Yo (o) -
IR i=1 j=1pll[ PiePej

where 8 € (—o0, ) (Cressie & Read, 1984).

Read and Cressie (1988, p. 96) point out

Departures involvinglarge ratios of the alternative to null
expected frequenciesin one or two cells are best
detected using large valuesof §, say 6§ = 5

19/07/2022
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Special Cases

CR Family of Divergence Statistics

Likelihood Ratio Test Statistic

G2 = CR(0) = ZnEI:Z]: Dii

i=1 j=1

In (i>
PiePej
Modified Likelihood Ratio Statistic L
M2 = CR(-1) = ZnZZ Pip.In (p:'j>
Modified Chi-Squared Statistic L ,
N2 = CR(-2) = nzzw
ij

i=1 j=1
The Freeman-Tukey Statistic L
1 2
T2 = CR(—E> =4n) (yps — /ppy)
i=1 j=1
... are also chi-squared random variables with df = (1 - 1)(J — 1)
~
The “Approximation”
-

CR Family of Divergence Statistics

74

Read and Cressie (1988, pp. 94 — 95) show that

LI (58— (o))
=i -3y S]]
j j

It can be shown that, exactly,

1
M2 = CR*(0) T? = CR* <E> X2 = CR*(1)

19/07/2022
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The “Approximation” ]

CR Family of Divergence Statistics

75

Read and Cressie (1988, pp. 94 — 95) show that

L (pf = (o))
CR(8) ~ CR*(8) = iZZ(pu (pl-p-]) )

26-1
=1 j=1 (pi-p-j)
J 8
oy il ()
4 s Pi.P.j

Read and Cressie (1988, p. 97) also suggested that § = 2/3 works well for
assessing deviations from independence giving the approximation to the
Cressie-Read statistic

2

Divergence Residual }

CR Family of Divergence Statistics

76

Beh & Lombardo (2022b) define the divergence residual of the (i, j) ’th cell our

contingency table by
1 p 8
) &\ \pi.p.;
for a given § so that the total inertia is

I ]
(8
22 =LY

i=1 j=1

» Classical Correspondence Analysis
2

p.. —_ p..p.. X
ry(1) = = —=— $*(1) = o

+/ PiePsj
*  “Freeman-Tukey” Correspondence Analysis

o(z)-2(m-mm)  e(3)-T

Cuadras and Cuadras (2006) ... Hellinger Distance Decomposition (HDD) method,
Beh, Lombardo & Alberti (2018)... “Freeman-Tukey” CA (FTCA)
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Divergence Residual }

Beh & Lombardo (2022b) define the divergence residual of the (i, j) ’th cell our

contingency table by
1 Dij °
r;;(8) = 3 pby -1

for a given § so that the total inertia is

I J
CR*(6
029 = LD NN )

i=1j=1

« Correspondence Analysis & M??

Djj M?
1;(0) = /pi.p.j ln< . ) $*(0) =—
pi*p*j n

Greenacre (2009) — Log-ratio analysis (LRA)

CR Family of Divergence Statistics

» Correspondence Analysis & CR?

(A 32T ) pefR) R
\3) 2\ \pi.py 2 n

7

' ‘

Example: Nobel Prize Data }

Since 1901, the Nobel Prize has been awarded in the fields of physics, physiology and
medicine, peace, literature and economics.

We examine the association between the Prize awarded (between 1901 and 2022) and

& | the Country of affliation. Note:
3=}
2]
= | "NA"is nota country but represents recipients who, according to the website, are
< | affiliated with an institution that is not centrally located in a single country
9
g)o Prize/Country Physics Chemistry Economics Peace Medicine
5 USA 113 83 77 3 127
= UK 28 30 6 0 32
@) Germany 24 40 1 0 17
s) France 17 1 2 1 10
= Switzerland 10 7 0 0 8
=1 Japan 10 7 0 0 4
% Sweden 5 5 1 0 6
= NA 3 5 0 0 7
6 Russia/USSR 1 2 1 0 1
Netherlands 6 1 1 0 2
Canada 3 3 0 0 3
Denmark 8] 1 1 0 4
Italy 3 1 0 0 3
Austria 1 1 0 0 4
Belgium 1 1 0 0 4
Source: https://www.nobelprize.org/prizes/facts/lists/affiliations.php
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Example: Nobel Prize Data

Russia/USER

Medicin,

oo 05
Principal Axis1 (63.2%)
[2D% TOTAL INERTIA = B3 03%]

05 00 05
Principal Axis1 (57.5%)
(20% TOTAL INERTIA = 82 12%]

o -
5 = Sweds " e
Bl F | cmeecuss  camem—gimn s - & Do
= @ United Kingdom };" ! . = oo :
] 9 Frande o Economics
AR Madicns - S LT spon
8 E'i T Physics .
g| & £ .
50 25 ——
[}
Z
A RussialUSSR
—
e P
s . aace
é 50 25 o 25 o 05 00 05
< Principal Axis1(90.8%) Principal Axis1 (67.6%)
s [2D% TOTAL INERTIA = 09.96%] [2D0% TOTAL INERTIA = 84.85%]
&~
@] §=0 §=1/2
« Total Inertia: + Total Inertia:
Modified log-likelihood Freeman-Tukey statistic =142.73
statistic=272.11
— HDD, or FTCA
Log-ratio analysis
:-:\_.l um o ”—:w jium
)5 na
I
Medicine
o Modne | sagen _ e LT -
“3 E - I“‘”.‘“.,‘.KH-.“-..-‘ a aneg é oo Ecgoomics. “;[’," i anada
E ’E Economics - ;}: r - !
n = . France i wranee
() @ Poaca . Japa g . "'"\Sl;
Q g Physics - & par
gc.)o & &
g ; " Wetherinds
= Netherihds 4
@)
\S i S8R
> RussialJSsR
g
&~
@)

§=2/3
« Total Inertia:

Cressie-Read statistic=118.91

§=1
+ Total Inertia:

Pearson’s statistic=106.19

Classical CA

®
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Further Links }

Keep in mind: Any value of & can be considered for the Cressie-Read family of

divergence statistics

Hellinger Distance Decomposition (HDD)
* Rao (1995) described the pro’s of the Hellinger distances (8 = 1/2) over § =1
» Cuadras and Cuadras (2006) proposed Hellinger Distance Decomposition (HDD) in
their “parametric correspondence analysis” approach
» HDD is equivalent to our approach when 6 = 1/2 (Freeman — Tukey)
o Beh, Lombardo & Alberti (2018) linked the Hellinger distance to the Freeman-
Tukey statistic
» Cuadras and Cuadras (2006)
o did not link their HDD to the Freeman-Tukey statistic
o only compared their HDD (6 = 1/2) with CA(§ = 1)

CR Family of Divergence Statistics

81

Further Links }

Keep in mind: Any value of § can be considered for the Cressie-Read family of

divergence statistics

Log-Ratio Analysis
» Greenacre (2009) described two applications of power transformations in CA

o “Power family 1” —involves the transformation of the cells . . . pg-

o “Power family 2” —involves the transformation of profiles . .. (pij/ pi-)8

* Greenacre’s (2009) “Power family 2” . ..
o examined differences in CAwhen § = 0 (LRA) and § = 1 (CA)
o LRAis equivalent to our technique when § = 0
o did not examine what would happen for values of & that lie outside of [0, 1]
o did not link LRA to any measure of association (including M?)

CR Family of Divergence Statistics

82
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